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Abstract

Modern data-oriented applications often require integrating data from
multiple heterogeneous sources. When these datasets share attributes,
but are otherwise unlinked, there is no way to join them and reason
at the individual level explicitly. However, as we show in this work,
this does not prevent probabilistic reasoning over these heterogeneous
datasets even when the data and shared attributes exhibit significant
mismatches that are common in real-world data. Different datasets
have different sample biases, disagree on category definitions and spa-
tial representations, collect data at different temporal intervals, and mix
aggregate-level with individual data. In this work, we demonstrate how
a set of Bayesian network motifs allows all of these mismatches to be
resolved in a composable framework that permits joint probabilistic rea-
soning over all datasets without manipulating, modifying, or imputing
the original data, thus avoiding potentially harmful assumptions. We
provide an open source Python tool that encapsulates our methodol-
ogy and demonstrate this tool on a number of real-world use cases.
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1 Introduction

A broad range of research fields have gained new interest in combining tradi-
tional data sources with readily available, inexpensive, large-scale data sources.
This desire to work with big data can introduce both opportunities and prob-
lems not previously seen by researchers in those fields. Datasets frequently
suffer from data sparsity, sampling bias, poor granularity, or simply not hav-
ing all attributes of interest. For example, surveys increasingly suffer from low
response rates, social media fails to account for demographics which have been
slow to adopt these platforms, national surveys are unable to provide finer
level city estimates, and tax records lack non-reported income.

Therefore, it is sometimes necessary to integrate multiple datasets when
a single dataset alone is insufficient. With the rise of the open-source data
movement, there are many publicly available data sources that can be used to
supplement a dataset to resolve such issues. Unfortunately, it can be difficult
to jointly reason over heterogeneous data merged from multiple sources in a
robust way.

For data merging, we describe data as broadly falling into one of three
types: linked, unlinked, and aggregate-level. Linked data means that a foreign
key exists to identify a record across multiple datasets uniquely. In con-
trast, unlinked data may have common attributes among multiple datasets,
but no foreign key exists, often due to privacy concerns or the promise of
anonymity. Finally, while linked and unlinked data often record individual
samples, aggregate-level data is calculated or categorized over populations [1].
This type of data is readily available when individual record-level data is hard
to obtain due to privacy concerns (e.g. census) or when tracking individuals is
difficult (e.g. insect counts).

While linked data can be merged using existing SQL-like tools, there is
not yet a universally accepted technique to merge unlinked or aggregate-level
datasets. Since novel Big Data sources frequently fall into these latter cate-
gories, it is increasingly necessary to create a reliable mechanism for merging
these types of data sources that vary in quality and suitability.

In this work, we present a discrete probability framework that allows one
to perform probabilistic reasoning over multiple heterogeneous datasets in the
absence of foreign keys. This framework utilizes Bayesian Network motifs (i.e.,
patterns) to handle common data mismatches including statistical (sampling
bias) mismatch, individual vs. aggregate-level record mismatch, and attribute
domain mismatch. Statistical mismatch occurs when datasets are drawn from
different sampling distributions. Individual vs. aggregate-level mismatch refers
to merging individual records with aggregate-level data. Finally, attribute-
domain mismatch occurs when the same attribute is represented differently
across multiple datasets.

The framework is incorporated into a Python library, ppandas, which
extends the popular data science package pandas. In presenting our approach
both as a methodology and as a flexible, easy-to-use scientific package, we
hope to allow for both the expansion of this framework by other researchers, as



Springer Nature 2021 BTEX template

Bayesian Network Motifs for Reasoning over Heterogeneous Unlinked Datasets

well as for quick deployment of these interpretable techniques within existing
Python data analysis pipelines.

We begin in Section 2 by highlighting the limitations of existing approaches
to merge unlinked and aggregate-level datasets. Section 3 then outlines the
real-world datasets and motivating use cases that contain the common data
mismatches explained in Section 4. These issues are then addressed by the
framework methodology in Section 5. In Section 6, we apply the framework in
a series of experiments based on the motivating use cases. Finally, Section 7
discusses the framework’s applicability and potential future work.

2 Literature Review

Previous work has proposed that inference across multiple tables in databases
can be performed by assuming there is a global schema mapping for all tables
[2-5]. Each table contains a subset of attributes from the global schema, and
inference can be performed by querying over the global schema. However, it
is assumed that each object in the real world is associated with a unique
identifier, such as a social insurance number of a person. Therefore, these
methods can not work with unlinked data.

Probabilistic Relational Models (PRMs) [6, 7] were proposed as a formal-
ism for leveraging Bayesian network inference for probabilistic reasoning over
databases. A PRM specifies a template for a probability distribution over a
database. The template includes a relational component that describes the
relational schema for the interested domain and a probabilistic component that
describes the probabilistic dependencies that hold in the interested domain [8].
However, PRMs do not explicitly focus on merging datasets and only work
with linked data.

Probabilistic Databases [9, 10] approach merging unlinked datasets by rep-
resenting all attribute pairs in the database as tuples associated with a single
attribute — the probability of its presence in the dataset. While Probabilistic
Databases can be captured as graphical models, there are some distinctions.
Firstly, the probabilistic model in Probabilistic Databases consists of a set of
independent tuples, whereas graphical models allow one to represent causal
relationships and dependencies between attributes compactly. Moreover, Prob-
abilistic Databases do not explicitly address mismatches between datasets
and instead focus on integrating data uncertainties within existing relational
database frameworks.

Record linkage, also known as entity resolution, is explicitly intended to
recover links in unlinked data. These methods attempt to link and merge
records across datasets representing the same entity in the absence of for-
eign keys. One such method is PRL (probabilistic record linkage), [11] which
calculates a similarity score [12, 13] between pairs of records to assess prospec-
tive matches. For example, a combination of name, address, birth date can be
sufficient to identify individuals in two survey datasets [11]. Another record
linkage method is Bayesian linkage. Bayesian linkage calculates the posterior

3
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probability that two records refer to the same entity [14]. However, record
linkage methods are unsuitable when one does not have sufficient informa-
tion to discover unique linkages or when there are no entities common to
both two datasets. Furthermore, record linkage can raise privacy concerns,
and just a small amount of false matches could potentially lead to severely
biased outcomes [15]. In our work, we employ Bayesian Network Motifs to
allow probabilistic inference across datasets. Therefore, we do not attempt to
recover linkage between datasets and thus can answer queries across sampling
distributions from disjoint populations.

Statistical matching [16], also known as data fusion, is a method of com-
bining datasets through common attributes such as demographic information
to obtain a fused dataset. However, such methods do not compactly represent
a joint distribution using a graphical model structure and thus can suffer from
data sparsity. A popular way of performing statistical matching is to impute
the non-overlapping attributes as missing data on a per-record basis. The
imputation is performed through machine learning methods such as regression
by learning the relationship between overlapping attributes (e.g. demographic
data) and missing attributes in the dataset [17-19]. However, imputation does
not provide a probabilistic distribution over all possible outcomes and instead
provides a deterministic classification. Additionally, this method does not solve
the issue of how to combine two or more complete data sources that have
identical attribute sets.

Another domain of related work is multiple frame methods [20], in which
there are several datasets with the same schema that each contain a differ-
ent sampling distribution for a subset of the entire population. By taking the
union of all the sampling distributions, one can estimate the distribution for
the entire population. For example, the same survey could be given to cell
phone and landline users to obtain a better understanding of the entire popu-
lation of phone users while accounting for the fact that some users have both
a landline and cell phone [21]. In multiple frame methods, statistics in all
datasets are concatenated to a final frame with duplicates removed. The popu-
lation total of an attribute can be estimated as the weighted average from each
frame [20, 22] in order to adjust for duplicates. However, ideal multiple frame
methods require upfront sampling methodologies and can only merge datasets
that have identical attributes that were collected with the same procedures.
These methods are also not suitable for datasets where the frame membership
is unclear.

A final vein of related work concerns the learning of probabilistic models
from heterogeneous (possibly inconsistent) local sources of data in the frame-
work of gradient optimization for tractable models [23] or Bayesian methods
for learning Bayesian Network parameters [24] and structure [25] from multiple
local data sources. One very recent work in this vein also attempts to recover
causal structure and local interventions in the underlying data sources [26].
While all of these works provide significant advances for the learning of TPMs
and Bayesian Networks from local data sources and share common motivations
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with our work, these works diverge from our setting in two key defining aspects:
(1) these existing works assume that the underlying datasets have the same
attribute (variable) definitions, whereas a core motivation of our work is to
explicitly resolve mismatches in attribute values (different numerical intervals,
different spatial regions, different categorical values) and aggregate-individual
mismatch; (2) these existing works attempt to blend the distributions from
the underlying sources whereas our approach aims to leverage one distribution
as the reference distribution (identified by the end user) and to “correct” the
other distributions to align with the reference distribution.

To achieve our goal of reasoning over unlinked data from multiple local
data sources, we build on our own prior work [27] that introduced a Bayesian
network framework for this task, but which did not address Bayesian Network
motifs to handle various types of mismatch that is the core focus of this article.
To the best of our knowledge, no previous work proposes methods to address
mismatch issues between heterogeneous datasets explicitly, including statistical
(sampling bias) mismatch, individual vs. aggregate-level record mismatch, and
attribute-domain mismatch that we contribute in this work.

3 Data Description and Motivating Use Cases

Before we proceed to specific technical issues, we first describe real datasets
that support the motivating use cases for our work. Each dataset has two
attribute types: independent and dependent. Independent attributes are not
affected by any other attributes, while dependent attributes are influenced
by the independent attributes. For example, in a survey, the demographic
attributes are independent attributes, and question responses are dependent
attributes. In the following schema tables, attributes in bold font indicate
independent attributes. We include our pre-processing pipeline for each dataset
within the ppandas' repository.

3.1 Datasets

Toronto Election Study (TES)

The TES [28] is a survey that polled 3,000 Toronto residents from Sept 27,
2014 to Oct 27, 2014, before the 2014 Toronto mayoral election. The survey
collected demographic attributes, policy opinions, and voter preferences. The
schema of the TES data after data pre-processing is shown in Table 1.

CBC Vote Compass Toronto 2014 (VC)

CBC Vote Compass [29] is a public online interactive tool that asked 33,352
participants to provide their opinion on a variety of policy issues and their
candidate preference for the 2014 Toronto mayoral election. After completing
the questionnaire, participants were told which candidate best aligned with

'https://github.com/D3Mlab/ppandas/experiments
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[ Attribute [ Value |
Age {(17,23], (23,28], ... (58,63], (63,114]}
City ward {Ward 1,Ward 2... Ward 44}

Employment status

{Working, Family caring, Student, Retired, Unem-
ployed, Other}

Birthplace {Canada, Not Canada, Unknown}

Increase immigration {For, Against}

Bike Lanes {For, Neutral, Against}

Candidate preference (pre- | {John Tory, Doug Ford, Olivia Chow, Other}
election)

their policy beliefs, which could have impacted each participant’s actual vote.

The data is proprietary and can not be released publicly. The schema of the

VC data after pre-processing is shown in Table 2.

Table 2 VC data schema

[ Attribute [ Value
Age {(17,23], (23,28], ... (58,63], (63,114]}
City ward {Ward 1,Ward 2... Ward 44}

Employment status

{Working, Family caring, Student, Retired, Unem-
ployed, Other}

Birthplace {Canada, Not Canada, Unknown}
Helping existing immi- | {For, Against}

grants to adapt

Bike Lanes {For, Neutral, Against}

Candidate preference

{John Tory, Doug Ford, Olivia Chow, Other}

Since the Vote Compass was designed as a utility for voters first, and as a
survey second, it did not follow a specific sampling methodology. As a result, it
is not representative of the city’s population, with considerable skew towards

younger Toronto residents

who live in the central downtown area.

2011 Census Toronto Ward Profiles

Toronto’s entire 2011 population of 2,615,090 is broken down in the Canadian
census [30] by Age and Ward as shown in Table 3. Note that the 2011 Cen-

Table 3 Census data Schema

[ Attribute [ Value ]
Age {[17,19], [20,24], [25,20], [30,34] , [35,39], [40,44], [45,49],
[50,54], [55,59], [60,64], [65,114]}
City ward {Ward 1,Ward 2... Ward 44}
Counts Count of population

sus does not provide information regarding employment status or birthplace.
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Instead, this information was collected in the voluntary 2011 National House-
hold survey [30], which is regarded as less reliable than the mandatory Census
and, therefore, we chose to exclude these two demographic attributes.

Chicago West Nile Surveillance 2007-2013

A Kaggle competition dataset [31] provides Chicago’s surveillance program for
the West Nile Virus for the years 2007, 2009, 2011 and 2013. Every week from
late-May to early-October, public workers set up traps located throughout the
city and tested mosquitoes for the virus. For these four years, there are 10,507
trap test records. Each trap test result includes data, as shown in Table 4.

Table 4 West Nile Virus dataset schema

[ Attribute [ Value
Date Date of the record
Latitude Latitude of the trap’s geo-location.
Longitude Longtitude of the trap’s geo-location.
Number of mosquitoes {1,...,50}
West Nile virus present {Yes, No}

Note that not all the traps are tested every week, and records only exist
when mosquitoes are found at a certain trap on a certain date.

Chicago Community Data Snapshot March 2014

Chicago contains 77 community areas that are used by the city government as
statistical units for a variety of socioeconomic indicators [32]. This dataset’s
attributes of interest are shown in Table 5.

Table 5 Chicago Community Data Schema

[ Attribute [ Value
Community area {Rogers Park, West Ridge,..., Edgewater}
Median income (USD) {13,345, 110,365}

Chicago Community Area Boundaries

This shapefile [33] contains the geographical boundaries for Chicago’s 77
community areas.

3.2 Motivating Use Cases

We now present four scenarios that exhibit various types of data mismatch
which motivate our work. They are presented now in order to familiarise the
reader with the context in which we intend for our tool to be valuable. Due
to the inherent uncertainty of such predictions (i.e., in unlinked data, we can
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only make predictions about typical entities with the observed properties), we
seek to obtain a probability for each behavioural outcome.

(1) 2014 Toronto Mayoral Election

In order to provide more accurate voting forecasts, a social scientist seeks to
correct the TES distributions for age group and city ward with their respec-
tive Toronto census distributions. While the TES sampling adheres to an age
quota, the Toronto census is an aggregate-level dataset that provides a much
more accurate representation of the voting population’s age and city ward dis-
tribution. Also, since the other TES demographic attributes (birthplace and
employment status) do not have a respective Toronto census distribution, they
are excluded from this use case. The social scientist proceeds to integrate the
two data sources but realizes the census’ age groups differ from those used in
TES.

(2) Toronto Bike Lanes

While TES and VC come from two separate sources and have different demo-
graphic distributions, a policymaker seeks to make an informed decision on
the installation of bike lanes by reasoning jointly over both surveys. More
specifically, they seek to understand how demographic attributes influence
one’s stance on bike lanes. As given previously, both datasets provide a sur-
veyor’s age group, city ward, employment status, birthplace, and their bike
lanes stance. Except for age, all attributes and the bike lane stance question
exhibit no mismatch, meaning for each question, both surveys’ responses can
be mapped to a common set.

The policymaker believes that TES’s distribution of demographic
attributes is a more representative sample since VC is viewed as a convenience
sample where large amounts of responses were collected cheaply and swiftly
through an open, online platform. However, TES’s small sample size means it
does not have a sample for every permutation of age group, city ward, employ-
ment status, and birthplace. Therefore, using VC can provide many more
samples to more accurately learn the joint distribution over all the attributes.
They do not believe naively stacking the two datasets is the right approach
since VC'’s larger sample size would dominate TES. Most crucially, to respect
the surveyors’ privacy, neither survey allows the policymaker to uniquely iden-
tify individuals meaning no foreign key exists to join the datasets with a unified
global schema.

(3) Chicago West Nile

An epidemiologist seeks to combine the Chicago West Nile dataset with
Chicago’s community area statistics. By doing so, the epidemiologist can
explore the relationships between West Nile Virus and socioeconomic mea-
sures such as median income. The epidemiologist seeks to use GIS coordinates
of mosquito traps to create a Voronoi diagram [34] such that all points in a
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Voronoi cell are closer to the mosquito trap associated with that cell than any
other mosquito trap. In this instance, the plane is the unified boundary of
Chicago’s 77 community areas and the n points are the trap locations. The epi-
demiologist seeks to allocate portions of each community area to the Voronoi
diagram polygons based on regions of overlap.

(4) Toronto Attitude Towards Immigration

As given in subsection 3.1, the TES records a participant’s stance towards
increasing immigration to Canada, and VC records one’s stance on whether
Toronto should help existing immigrants to adapt to their new life. A social
scientist is interested in investigating whether these two beliefs are related.
The scientist thus poses the following research question: if one believes that
Toronto should help new immigrants to adapt, are they more or less likely to
be against increasing immigration to Canada?

To answer this question, the social scientist would need to combine
responses from TES and VC. However, there is no unique identifier for each
respondent in TES or VC. Additionally, the populations that the two sets of
respondents were drawn from are different.

4 Issues when merging heterogeneous datasets

As mentioned previously, joining linked datasets with foreign keys is straight-
forward using SQL-like tools. For example, Table 6 illustrates two surveys
performed on the same participants, which can be viewed as homogeneous
datasets. Each participant is associated with an id, with Survey 1 provid-
ing a participant’s age and Survey 2 providing their stance towards installing
additional bike lanes. Since the “id” field is a unique identifier, the two
tables are linked. Thus by performing a join, one can match a participant’s
id to both their age and bike lane attitude to obtain the joint distribution
table. After obtaining the table, one can answer a wide array of queries.
For example, one can calculate the probability that a participant is against
installing more bike lanes given they are older than 40 by using the joint table:
P(Bike Lane = Against|Age > 40) = 3.

Table 6 Survey 1 (left) and Survey 2 (center) are linked datasets that can be joined using
the foreign key ”id” to obtain the joint distribution (right) of both age and bike lane stance.

id | Age id | Bike Lane id | Age | Bike Lane
01 20 01 For 01 20 For

02 25 02 For 02 25 For

03 63 03 For 03 63 For

04 45 04 Against 04 45 Against

However, in this section, we discuss the many issues that can arise when
attempting to join heterogeneous unlinked and aggregate-level datasets.

9
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4.1 Unlinked data with shared independent attributes

When joining multiple unlinked datasets, there is no unique identifier to act
as a foreign key, but one can leverage shared attributes. For example, in the
“Toronto Attitude Towards Immigration” use case provided in subsection 3.2,
both the TES and VC lack an “id” attribute but share the independent
attribute of a participant’s age. Additionally, the TES asked about partici-
pants’ stances towards increasing immigration while VC has information on
stances towards helping immigrants adapt. The sample data is shown in
Table 7.

Table 7 Two unlinked datasets with shared independent attributes: sample data of TES
(left) asked about age and stance towards increasing the amount of immigration in
Canada; sample data of VC(right) asked about age and if they agree with helping new
immigrants adapt in Toronto. VC participants were younger than TES participants.

[ Age [ Increase immigration | [ Age [ Help immigrants to adapt ]
(23,28] Against (23,28] For
(28,33] Against (28,33] For
(38,43] Against (23,28] Against
(43,48] Against (28,33] Against

However, when joining the two datasets to discover the relationship
between one’s attitude towards increasing immigration and helping new immi-
grants to adapt, we cannot naively map the records by the Age attribute to
obtain the joint table since it is not a unique identifier. Therefore, unlike with
linked datasets, it is impossible to match all of the records in the two datasets.
Another issue is that TES and VC inquired about different individual partic-
ipants. They represent different sampling distributions, exhibiting statistical
(sampling-bias) mismatch.

4.2 Unlinked data with shared independent and
dependent attributes

If we have two datasets from different sampling distributions with shared inde-
pendent and dependent attributes, it is often of interest to utilize both datasets
to obtain a comprehensive understanding of the dependent attributes. For
example, the “Toronto Bike Lanes” use case given in subsection 3.2 stated
that TES and VC both contain attributes of age and stances towards bike
lanes. With these two datasets, the policymaker intends to have a better
understanding of people’s stances towards bike lanes.

One method is to stack the two datasets together naively. However, it raises
the concern that the combined dataset could be biased towards the younger,
downtown population. In this scenario, the policymaker is interested in the
overall Toronto population, which is similar to the TES population. While one
could just use the single TES dataset, one may which to leverage the rich VC
data since it contains ten times the number of samples.
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Table 8 Two unlinked datasets from different sampling distributions with shared
independent and dependent attributes: sample data of TES (left) and VC (right). They both
have information on a participants’ age and their attitude toward building more bike lanes.

[ Age [ Bike Lanes H Age [ Bike Lanes ]

(23,28] For (23,28] For
(28,33] For (28,33] For
(38,43] For (23,28] For
(43,48] Against (28,33] For

4.3 Individual vs. aggregate-level record mismatch

In the era of big data, datasets are commonly represented with aggregated
counts as opposed to individual entries. When trying to join aggregate-level
datasets with other data sources, we face issues not only with the absence of
a foreign key but with individual vs. aggregate-level record mismatch as well.

For example, in the “2014 Toronto Mayoral Election” use case given in
subsection 3.2, the census data contains aggregate-level records, whereas TES
data contains individual records. Sample data is shown in Table 9. To illustrate
the concept of individual vs. aggregate-level record mismatch, we temporarily
ignore the fact that the 2011 Toronto Census and TES employed different age
groups.

Table 9 Individual vs. aggregate-level record mismatch: sample data of 2011 Toronto
Census (left), which contains the aggregated counts of the city population’s age and
location distributions. Sample data of TES (right) contains the same information as well as
candidate preference but on an individual record basis.

l Age [ Location [ Counts l [ Age [ Location [ Candidate preference ]
ggg% G (23,28 | Ward 1 Olivia Chow
(33738] Ward 28 1000 (28,33] Ward 20 Other
(38743] Ward 28 1000 (38,43] Ward 17 Other

’ (43,48] | Ward 22 Other
(43,48 | Ward 40 | 2000

To obtain a better estimation for the outcome of the mayoral elec-
tion, the social scientist seeks to combine the city demographics knowledge
from the aggregate-level census data with TES’s individual record candidate
preferences.

4.4 Attribute-domain mismatch

In addition to the previously stated issues, heterogeneous datasets may also
have different representations for the same attribute. We denote this issue
‘attribute-domain mismatch’, and when trying to join datasets with attribute-
domain mismatch, one faces the problem of how to unify these different
representations.
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Attribute-domain mismatch can be further broken into three types:
numeric interval mismatch, arbitrary categories mismatch, and spatial repre-
sentation mismatch.

4.4.1 Numeric interval mismatch

When the shared attributes between two datasets are represented with dif-
ferent numerical ranges, we denote it as numeric interval mismatch. One
frequent attribute that exhibits numeric interval mismatch is Age. For exam-
ple, in the “2014 Toronto Mayoral Election” use case given in subsection 3.2,
the census data represents age in bins: {[17,19], [20,24], [25,29], [30,34] ,
[35,39],[40,44], [45,49], [50,54], [55,59], [60,64], [65,114]}, while TES represents
age in bins: {(17,23], (23,28], (28,33], (33,38],(38,43], (43,48], (48,53), (53,58],
(58,63], (63,114]}. Sample data of this mismatch is provided in Table 10.

Therefore, when the social scientist attempts to combine the information
from the two datasets, in addition to aggregate-level data handling for the
census, there is a need to handle the numeric interval mismatch for the age
attribute.

Table 10 Two unlinked datasets with numeric interval mismatch: sample data of census
(left) and TES(right). Both datasets contain information on age and location. TES also
has information on candidate preference. The age bins employed in the two datasets differ.

[ Age [ Location [ Counts | l Age [ Location [ Candidate preference ]
Eggi} V\Y\Zﬁ 111 iggg (23,28] Ward 1 Olivia Chow
35,39] | Ward 28 | 1000 (28,33] | Ward 20 Other
35,39] | Ward 28 | 1000 (38/43] | Ward 17 Other

’ (43,48] | Ward 22 Other
[40,44] | Ward 40 | 2000

4.4.2 Arbitrary category mismatch

When the shared attribute between two datasets are represented with different
arbitrary categories, we denote it as arbitrary category mismatch.

An example of arbitrary category mismatch is shown in Table 11. As men-
tioned in subsection 3.2, both TES and VC contain information on age and
attitude toward bike lanes. To illustrate the concept of arbitrary category mis-
match, we assume that in TES the attitude towards bike lanes is represented
with 5 categories: {“Strongly For”, “Moderately For”, “Neutral”, “Moder-
ately Against”, “Strongly Against”} whereas in VC it is represented with 2
categories :{ “For”, “Against” }.
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Table 11 Two unlinked datasets with arbitrary category mismatch: sample data of TES
(left) and VC (right). They both contain information on age and attitude towards bike
lanes. The attitude towards bike lanes is represented with different categories.

[ Age [ Bike Lanes H Age [ Bike Lanes ]
[20,40) Strongly For [20,40) For
[20,40) Moderately For [20,40) Against
[20,40) Neutral [20,40) For
[40,60) Strongly Against [40,60) Against
[40,60) | Moderately Against || [40,60) Against
[60 80) Strongly For [40,60) Against

4.4.3 Spatial Representation Mismatch

When the shared attribute between two datasets is represented with different
spatial representations, we denote it as ‘spatial representation mismatch’. For
example, in the “Chicago West Nile” use case given in subsection 3.2, we seek
to merge West Nile virus (WNV) test results with median income across com-
munity areas. For simplicity, in this example, we simplify Chicago’s boundary
into a rectangle that has two community areas and three mosquito traps as pro-
vided in Table 12. After creating a Voronoi diagram using the three mosquito
traps, Figure 1 illustrates that the polygons representing Voronoi cells and
community areas differ.

Table 12 Two unlinked datasets with spatial representation mismatch: Chicago West
Nile surveillance (left) and Chicago community areas (right) use different Polygons that
cannot be straightforwardly mapped to each other, as shown in Figure 1.

[ Voronoi Cell | WNV Present ]

Trap A +

=P & ) [ Community Area [ Median Income |
%ZE E ] Community Area 1 $31,000

Trap C + Community Area 2 $56,000

Trap C +

Trap A )
Community Area 1

Trap B

Community Area 2
Trap C

Fig. 1 The spatial representation used in Table 12: Chicago West Nile Surveillance divides
the area into 3 Voronoi cells, and Chicago community area boundaries divide the area into
two community regions.

When both spatial representations are regions, we refer to this as a region-
region mismatch. Geo-locations can also be represented as point coordinates,

13
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for example, latitude and longitude. Therefore, region-point and point-point
mismatch may also occur in practice.

5 Methodology

5.1 The Bayesian Network Representation

Before exploring the framework, it is necessary to introduce fundamental
Bayesian network concepts and terminology.

Model Definition A Bayesian network [35] is defined as an “acyclic
directed graph in which nodes represent random variables and arcs represent
directed probabilistic dependencies among them”. They provide a compact
representation of a joint probability distribution by exploiting conditional inde-
pendence assumptions. Formally, for a finite set of discrete random variables,
X ={Xy, ..., X,,} the joint distribution is equal to the factorized product:

n n

P(Xy, .., Xn) = [[ P(Xil X1, ... Xio1) = [ [ P(Xilpa(X)) (1)

=1 i=1

where pa(X;) denotes the set of parent nodes with edges directed into each
child node X; and each factor P(X;|pa(X;)) stores a conditional probability
distribution (CPD) in tabular form that contains every possible combination
of variable assignments with maximum likelihood parameters estimated from
the data’s empirical distribution. For parentless nodes, P(X;|pa(X;) = 0) is
known as the prior probability P(X;). (1) satisfies the Markov condition where
the probability of each variable given its parents is independent of its non-
descendants in the DAG.

Exact Inference Given a Bayesian Network, we can infer any probability
query P(Y|E = e) that consists of: query variables Y C X conditioned on
evidence variables E C X with instantiation e, where YNE = (). We employ the
Variable Elimination algorithm which efficiently eliminates non-query variables
to analytically compute the posterior probability distribution P(Y|E = e).
Note that if £ = @ then P(Y) is denoted as the marginal distribution over
random variables Y.

Independence Relationships For a given Bayesian network with 3 vari-
ables where A is the shared variable, there are only 4 possible DAG structures
as illustrated in Fig 2.

(1) ®)

@) @)

Fig. 2 All possible orientations of 3 nodes where A is the shared variable
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The first 3 structures all encode the same I-equivalence (independence-
equivalence) relationship: B L C|A, meaning that B is independent of C if A is
given, with no active trail of probabilistic influence existing between C and B.
However, if A is not given then B J C, and there is an active trail between C
and B. However, the V-structure shown in (4) encodes a different I-equivalence
relationship: B £ C|A and when A is not given then B 1 C'. These properties
will be crucial in order to define legal models within the framework.

5.2 Formal Problem Definition and Proposed Framework

In this section we start with basic framework definitions building on our prior
Bayesian Network foundations for reasoning over unlinked data [27]. Suppose
there exists a global relation (tabular data) we wish to model, but rather than a
single global relation, we only have multiple unlinked projections of this global
relation, which we call local relations (also tabular data). For example, if we
performed a join over all three tables in Table 6, we would obtain a global
relation, but alternately if we dropped the “id” column from all three tables in
Table 6, we would obtain three unlinked local relations for this global relation.
In addition, local relations may have different joint distributions and can be
seen as being drawn according to a randomized subsampling procedure of the
global relation. These local relations may also exhibit various types of data
mismatch as discussed previously.

More formally, let Rg(X) represent the global relation over a finite
attribute set X = {X;,..., X,,} where each attribute, X; can be viewed as a
random variable. And let Ry, (Xj) for j = 1,..,k represent the 4" local rela-
tion out of k local relations generated from R (X) where X; C X. While any
given subset of X can exist in multiple local relations, we consider the case
where no subset of X can be used as a foreign key to uniquely identify rows
across multiple local relations.

Our ultimate goal is to reason jointly over the local relations Rp,(X;) for
j=1,..,k to answer any query P(Y|E = e) as if we were performing inference
over the global relation, Rg(X).

We now introduce the framework for reasoning over multiple datasets using
a series of Bayesian Network motifs. Note that the formalisms given use just
two datasets but the framework can be extended to an arbitrary number of
datasets given no assumptions are violated.

Assume we are given two local relations Ry, , Ry, with sample sizes N1, N
that contain attributes X; UXs = X. Let each local relation be represented by
a local Bayesian Network, BN 1, BN 2. For each local relation j, let the set of
independent attributes X JI nd C X be represented by parentless nodes and let

the set of dependent attributes XJ-Dep C X be represented as child nodes that
have incoming edges from all X/"@ parent nodes, where X" U XJD L=

Figure 3 demonstrates the Bayesian network structure between independent
and dependent attributes for a given local relation Ry ;.

15
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xDep

Fig. 3 A Bayesian network with 3 independent variables all having directed arcs leading
into both dependent variables.

To obtain numerical parameters for each Bayesian network, maximum like-
lihood is used which equates to the empirical frequencies given from each local
relation. We denote Ref as the reference Bayesian network, representing a sin-
gle local relation, that contains the probability distributions for all X jI nd for
j =1,.., k. Similarly, we denote Sec as the secondary Bayesian network, rep-
resenting the other local relation, for which sampling bias is assumed to be
restricted only to the independent nodes, and the CPDs between every depen-
dent variable X jD °? and its parent nodes are assumed to be unbiased with
respect to the global relation R (X).

As Figure 4 illustrates, if we assume BN 1 is the Ref model and BN 2
the Sec model, we can use the framework to handle data mismatch and cre-
ate a unified model denoted BN-joined that keeps the probability distributions
of X JI "d from Ref. Note that BN-joined discards the marginal distributions
of X JI "d from Sec and that an independent variable in Sec can be a depen-
dent variable in Ref. Additionally, multiple joins can occur to merge multiple
datasets.

P1(A) Pa(B)

P1(A)

P4(BIA) P,(CIB)

P4(BIA) P,(CIB)

BN 1 BN 2 BN-joined

Fig. 4 A Bayesian network is constructed for each of two local relations with variable B
being an independent variable in BN 2 but a dependent variable in BN 1. When joining
BN 1 and BN2, BN 1 contains the reference distribution, BN 2 contains the secondary
distribution, and Variable B is a dependent variable in the resulting BN-joined.
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5.3 Framework Assumptions

We now introduce the key assumptions required for using the proposed
framework.

As introduced in our prior work [27], parameters in the Bayesian networks
can only be learned when all of the independent variables affecting a depen-
dent variable appear in a local relation together. This was discussed in [27] as
the definition of “LR-Learnable”. In this paper, we implement the data inte-
gration method mentioned in [27] in subsubsection 5.4.1. We extend their work
by addressing Bayesian networks with shared dependent variables (subsubsec-
tion 5.4.2), individual vs. aggregate-level mismatch (subsubsection 5.4.3), and
Attribute-domain mismatch (subsubsection 5.4.4).

Our first assumption is that any specified Bayesian network structure must
obey the “LR-Learnable” constraint. More specifically, a local Bayesian net-
work can only contain nodes that represent attributes that appear together in a
local relation. Furthermore, in order to join two Bayesian networks, they must
satisfy the constraint: for each dependent node common to both local Bayesian
networks, all of its parent nodes must appear in the reference Bayesian network,
Ref.

Additionally, we rely on external expertise to specify the Bayesian network
to represent each local relation. This approach is commonly used in practice,
especially in medical domains, where experts will often converge on the same
causal structure after discussion [36].

Furthermore, we assume that sampling bias is limited solely to the
independent variables and that the CPDs between dependent and indepen-
dent variables are unbiased in all local Bayesian networks. For example,
in the “Toronto Bike Lanes” use case stated in subsection 3.2, we assume
the sampling bias in VC is because VC focused disproportionately on
younger, downtown residents. Thus, Age and City Ward are independent
variables that account for VC’s biased sampling distribution while the CPD,
P(BikeLane|Age, CityW ard, Income, EmploymentStatus, Birthplace),  is
assumed to be unbiased in both the TES and VC Bayesian networks.

Finally, when handling an attribute-domain mismatch for a given vari-
able, if no further information is available, we assume the variable’s prior
distribution is a uniform distribution to provide an unbiased estimate as
subsubsection 5.4.4 will demonstrate. Additionally, only the intersection of
attribute domains are handled. For example, in the 72014 Toronto Mayoral
Election” use case, when joining TES and Census, the TES only has responses
from those aged 17+ due to voting age requirements while the census has data
for all ages. Therefore when handling Numeric mismatch for the Age variable,
the census data for ages 0 to 16 is discarded. Similarly, for a spatial mismatch
between two region sets only the common overlap of the union of the two region
sets is handled. Furthermore, for a spatial mismatch between a region set and
a point set, only the points from one dataset that is mappable into the other
dataset’s regions are used. For instance, in the “Chicago West Nile” use case,
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the Voronoi diagram’s boundary is determined by Chicago’s community areas,
and any data for mosquito traps that lie outside this boundary are discarded.

5.4 Bayesian Network Motifs

Overall, the procedure for joining two datasets is to first build a Bayesian
network for each relation and then join the two Bayesian networks based on
shared attributes. After obtaining the joined Bayesian network, probabilistic
queries can be performed using inference techniques stated in subsection 5.1.

Table 13 Sample dataset with two attributes: Age and Bike Lanes.

Age | Bike Lanes
20 For
25 For
63 For
45 Against

For example, Table 13 provides a dataset containing information on age,
and stances towards bike lanes. In this dataset, Age is assumed to be the
independent attribute and Bike Lanes is the dependent attribute. Therefore,
we can build a Bayesian network with parent node Age, child node Bike Lanes,
and a directed arc from Age into Bike Lanes. The probability distributions are
learned with maximum likelihood, which equals the empirical frequency. The
Bayesian network built for Table 13 is shown in Figure 5, where A represents
Age and B represents Bike Lanes.

()

Fig. 5 Bayesian network for Table 13 with the structure determined by external expertise:
A represents Age and B represents Bike Lanes

We will now provide a Bayesian network motif to address each issue stated
in section 4.

5.4.1 Unlinked data with shared parents

As stated in subsection 4.1, there are two problems joining two unlinked
datasets: the absence of a foreign key and statistical mismatch. To address
the first issue, we temporarily ignore the fact that TES and VC have different
sampling distributions.

Absence of a foreign key: We first construct two Bayesian networks for
the two datasets in Table 7, which we denote as BN 1 and BN 2. As shown
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in Figure 6, A represents Age, B represents Increase immigration, and C rep-
resents Help immigrants to adapt. Since we temporarily assumed the two
datasets have the same sampling distribution, P;(A4) = P>(A4).

As illustrated in Figure 6, when joining two datasets with shared parent
nodes from the same population, the joined Bayesian network will include
the parent node(A) and all children (B and C) from the two local Bayesian
networks.

The parameters are kept consistent with the original two Bayesian net-
works. Therefore, P(A) = P1(A) = Py(A). P(B|A) and P(C|A) are obtained
from BN 1 and BN 2, respectively.

AL

P(BIA) = P4(BIA) P(CIA) = P5(CIA)

BN-joined

Fig. 6 Unlinked data with shared parents from the same population: the joined Bayesian
network, BN-joined contains the shared parent node and both children nodes. The prior
distribution of the parent node A can be selected from either BN 1 or BN 2. The conditional
probability distributions for the child nodes are selected from their respective local Bayesian
networks.

Statistical (sampling-bias) mismatch: Similar to the previous case, we
construct two Bayesian networks for the TES and VC data in Table 7, as
shown in Figure 7. However, we longer assume Pj(A) = P>(A) and the Age
node in BN 2 is shaded to represent sampling bias as the participants in VC
were disproportionately younger. Since TES is believed to contain the unbi-
ased (or intended) distribution for Age, BN 1 is assumed to be the Ref model
and BN 2 the Sec model.

When performing the join, as shown in Figure 7, the structure of the joined
Bayesian network maintains all parent and child nodes from BN 1 and BN
2. For parameters, the parent node distribution comes from the Ref model,
BN 1. While the CPDs for each child node are still taken from the original
Bayesian networks, P(B|A) and P(C|A) are obtained from BN 1 and BN 2,
respectively. In summary, the prior probability parameters should be taken
from the Ref Bayes net as justified and discussed in [27].

V-structure limitation: One should be aware that a join cannot always be
performed between two Bayesian networks. As mentioned in subsection 5.3,
two Bayesian networks BN 1 and BN 2 can only be joined when they satisfy
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P(A) = P4(A)
+ =
6 e ’ s e °
P(BIA) = P4(BIA) P(CIA) = P,(CIA)
BN 1 BN 2
BN-joined

Fig. 7 Unlinked data with shared parents from different populations: the joined Bayesian
network, BN-joined, contains the shared parent node and both child nodes. The prior dis-
tribution of the parent node A is selected from the Ref model, BN 1. The conditional
probability distributions for the child nodes are selected from their respective local Bayesian
networks.

the LR-Learnable constraint: For every shared child node, all parent nodes
must appear in Ref.

Figure 8 displays an example of two Bayesian network that cannot be
joined. If BN 1 and BN 2 in Figure 7 is built based on expert expertise, where
A is dependent on B and C, then the join cannot be performed due to the V-
structure” on node A. In this example, the shared child node A has a parent
node C that does not exist in the reference Bayesian network BN 1. Therefore,
BN 1 and BN 2 can not be joined, since the conditional probability P(A|B, C)
cannot be learned.

Dot

Fig. 8 An example of two Bayesian networks that cannot be joined: V-structure involving
node A violates the LR-Learnable constraint.

5.4.2 Unlinked data with shared parents and children from
different populations

In this section, we provide the Bayesian network motif that addresses the
issue of combining Bayesian networks with statistical mismatch containing
shared dependent and independent attributes as mentioned in subsection 4.2;
we remark that this case of statistical mismatch was not covered in [27]. First,
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we construct two Bayesian networks, BN 1 and BN 2, for the TES and VC data
provided in Table 8. As shown in Figure 9, A represents Age and B represents
Bike Lanes, where the Age node in BN 2 is shaded to represent VC’s sampling
bias for that variable. Since TES is presumed to be the unbiased sample, BN
1 is the Ref model and BN 2 the Sec model.

When joining two Bayesian networks that share both parent and child
nodes, the structure of the joined Bayesian network is consistent with the
original two local Bayesian networks. Similar to subsubsection 5.4.1 to remove
sampling bias mismatch, the prior distribution for the parent nodes is taken
from the Ref model. To compute CPDs of each shared child node, we can
now apply importance sampling to recalibrate probabilities of Sec w.r.t. Ref;
this is simply calculated as the weighted average of the CPD in both the Ref
and Sec models, according to the number of samples in each dataset that the
Bayesian networks represent. This weighted average is shown in Figure 9, and
the weight denoted as w follows the formula:

Ny

w:Nl—‘rNg

The formal proof of the weighted average formula derived through an
importance sampling correction can be found in subsection A.1.

’ P1(A) 0 P2(A) ‘ P(A) = P{(A)

+ =

P1(BIA) Po(BIA) P(BIA) =
W*P4(BIA) + (1-w)*P5(BIA)

BN 1 BN 2 BN-joined

Fig. 9 Unlinked data with shared parents and children from different populations: the
structure of the joined Bayesian network, BN-joined, is consistent with BN 1 and BN 2. The
prior distribution of the parent node A is selected from Ref model, BN 1. The CPD of child
node B is calculated as the weighted average of the CPD from BN 1 and BN 2.

5.4.3 Individual vs. aggregate-level Record Mismatch

As stated in subsection 4.3, aggregate-level type sources include the census,
where each record does not represent an individual but rather a summary
statistic for a group of individuals.

The process of building a Bayesian network for these datasets is similar to
if one had individual records. The structure is still based on expert expertise,
but the parameters are instead learnt directly from the aggregated counts or
percentages.

21
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For example, to handle the census data shown in Table 9, we construct
a Bayesian network, BN 1 as shown in Figure 10. BN 1 contains two nodes
where A represents Age and B represents Location. Since Age and Location
are both independent attributes, BN 1 contains only parent nodes with no
conditional dependencies. For the TES dataset, BN 2 is constructed which
contains parent nodes for the two previously specified independent attributes in
addition to a child node C which represents the dependent attribute, Candidate
Preference. To learn parameters for these two models, BN 1 uses the census’s
already provided aggregated counts while BN 2 uses the empirical counts of
the individual records. Lastly, the join can be performed by following the
procedure in subsubsection 5.4.1 with BN 1 as the Ref model.

P2(CIA.B) P(CIA,B) = Pp(CIA,B)

BN 1 BN 2 BN-joined

Fig. 10 Individual vs. aggregate-level record mismatch with shared parents: the joined
Bayesian network, BN-joined, selects the distributions of the parent nodes from the Ref
model, BN 1.

To demonstrate building a Bayesian network for aggregate-level dataset
with a parent and child node, let us assume that TES records are represented
as aggregated counts as shown in Figure 11. The Bayesian network learned for
Table 14, therefore, has the same structure as Figure 9 with the parameters
for P(A) and P(B|A) learnt through the aggregated counts.

Table 14 Aggregate-level dataset: sample data of TES and VC. TES(left) contains an
aggregated count of people’s age and attitudes toward bike lanes. VC(right) has the same
attributes in individual records

Age

Bike Lanes

counts

[20,40) Tor 50 Age Bike Lanes
(40,60) For 20 (20,40) qu
[60,80) For 40 [40,60) Aga%nst
[20,40) Against 10 FGlgggg Ag]?;?St
[40,60) Against 50 )

[60,80) Against 20

the method stated in subsubsection 5.4.2.

After building a Bayesian network for TES, the join can be performed with

One should note that Bayesian networks representing aggregate-level
datasets must still obey the LR-learnable constraint specified in subsection 5.3.
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A P(A)
A
[20,40) 6/19
[40,60) 719
A B counts (60,80) 6/19
[20,40) For 50
[40,60) For 20
[60,80) For 40
[20,40) Against 10
[40,60) Against 50
[60,80) Against 20 A B P(BIA)
[20,40) For 5/6
[40,60) For 217
[60,80) For 2/3
[20,40) Against 1/6
B [40,60) Against 5/7
[60,80) Against 1/3
BN

Fig. 11 Aggregate-level data: to construct a Bayesian network for aggregate-level data, the
schema is specified with expertise. Parameters are learned with the empirical aggregated
counts by Maximum Likelihood.

For example, in Table 15, a census may provide two datasets with one con-
taining Location and Age and the other containing Location and Education.
Therefore, we can build Bayesian networks with directed arc (Location — Age)
and (Location — Education). However, it is impossible to learn (Age— Edu-
cation) or (Education — Age) as they do not appear in any dataset together.

Table 15 Aggregate-level dataset limitation example: location and education do not
appear in one sub-table together. Therefore, no edge can be learned between them.

Location Age counts Location Education counts
Ward 1 [20,40) 50 Ward 1 High school or under 20
Ward 1 [40,60) 20 Ward 1 | College or technical school 70
Ward 1 [60,80) 40 Ward 1 Bachelor degree or higher 20
Ward 2 | [20,40) 10 Ward 2 High school or under 40
Ward 2 [40,60) 50 Ward 2 | College or technical school 30
Ward 2 | [60,80) 20 Ward 2 Bachelor degree or higher 10

5.4.4 Attribute-domain Mismatch

As illustrated in subsection 4.4, Attribute-domain mismatch refers to when
shared attributes are represented differently in two datasets. An example is
shown in Figure 12, where the common parent node of BN 1 and BN 2 have dif-
fering representations. Node A in the Ref model, BN 1 has states: {A41,45,43}
and in BN 2 it has states: {A],A45,A4%}. When this mismatch occurs, the join
can be performed by following three steps.
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First, as shown in Figure 12(a), take the Cartesian product of the two
original state sets to compute a new set of states A.p. This new state set is used
to create a new parent node in each local Bayesian network denoted A.p. Since
each state in A., belongs to a state in each original state set, the conditional
distributions of P;(A|A¢p) and P>(A|Acp) can be easily learned. When joining
the two local Bayesian networks, the prior distribution of P(A.p) is selected
from the Ref model BN 1, and therefore P;(A) is redistributed to uniformly
when learning P; (Acp).

Second, as demonstrated in Figure 12(b), marginalize out the original par-
ent node A in both networks by using p(B|Acp) = Y. s p(BJA) - p(A|As) so
that both BN 1 and BN 2 only contain two nodes A, and B.

Third, join BN 1 and BN 2 using the method described in subsubsec-
tion 5.4.2.

P1(A) ‘ Po(A) P(Acp) P(Acp)
A {A1 A Az .} A (A AL A L} Acp t {ALA2Ag L IX(A AR AT }
|::> ‘ P4 (AlAgp) Po(AlAG)
P1(BIA) ° P2(BIA) Q P1(BIA) e Po(BIA)

BN 1

(a) Compute the Cartesian product of the two node A state sets to get the states for the new
node A.p,. Place A.p, as the parent node for node A in both BN 1 and BN 2.

P1(Acp) P2(Acp) = P1(Acp) P(Acp) = P1(Acp)
=P2(Acp)
Acp 1{A1.A2.A5 . IX{A A Ay .}
1(BlAp) Po(BlAg)
* ° 25 e P(BIAG) =
w *P1(BlAg) + (1-W)*P2(BIAg)

BN 1 BN 2 BN joined

(b) Next, marginalize out node A in both BN 1 and BN 2 and perform the join as illustrated in
subsubsection 5.4.2.

Fig. 12 Attribute-domain mismatch: BN 1 and BN 2 have the same structure with parent
node A and child node B. Node A exhibits attribute-domain since in BN 1, it has states:
{A1,A3,A3} while in BN 2, it has states {A],A},A%}. The join can be performed using the
steps illustrated in Figure 12(a) and Figure 12(b).
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As discussed in subsection 4.4, we define three types of Attribute-domain
mismatch: Numeric Interval Mismatch, Arbitrary Category Mismatch and,
Spatial Representation Mismatch. In this section, we discuss solutions to solve
these three types of Attribute-domain mismatch. While they all follow the
general process stated in Figure 12, the cross product and prior distribution
is calculated slightly differently for each case.

Numeric Interval Mismatch: This type of mismatch is often encountered
with datasets containing attributes such as age, income, and height. To handle
numerical interval mismatches, we eliminate impossible intervals and redis-
tribute the Ref model’s prior distribution according to the interval overlap
length between a state in the original state set and a state in the Carte-
sian product state set. This technique applies both to integer and continuous
intervals.

We now demonstrate this technique to resolve the Numeric Interval Mis-
match for the Age attribute when joining TES and VC. The age bins that TES
uses are {[20,40), [40,60), [60,80)}, whereas VC uses {[20,50), [50,80)}.

Table 16 Numeric Interval Mismatch example with sample data of TES (left) and VC
(right). Both datasets have information on Age and Bike Lane Stance, but the age ranges
employed in the two surveys differ.

Age Bike Lanes Age Bike Lanes
[20,40) For [20,50) For
[20,40) For [20,50) Against
[20,40) For [20,50) For
[40,60) Against [50,80) Against
[40,60) Against [50,80) Against
[60,80) For [50,80) Against

As shown in Figure 13, to represent TES and VC we build models BN
1 and BN 2 where A represents Age and B represents Bike Lanes. Next, we
take the Cartesian product of the two-node A state sets to find the new state
set for node A.,. This new state set contains only the four valid intervals:
[20,40), [40,50), [50,60), and [60,80) since any non-overlapping intervals can be
eliminated. For example, [20,40) does not overlap with [50,80).

When calculating the prior distribution of the new node A.,, the distri-
bution of A in the Ref model, BN 1, is selected. Since intervals [40,50] and
[50,60] are both in the interval [40,60], the probability of P (A = [40,60]) = 0.4
must be distributed to the new states: [40,50] and [50,60]. Without further
information, the probability is mapped uniformly according to the length of
the interval overlap. In this case, since the two new intervals have equal over-
lap with the original interval, P(A., = [40,50]) = P(A., = [50,60]) = 0.2.
Thus, the CPDs Py (A¢p|A) and P>(Agp|A) can be derived as shown in Table 17
with invalid intervals being omitted and having zero probability. We can then
marginalize out node A from both models and perform the join as described
in subsubsection 5.4.4.
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A P1(A) A Pa) A P(A)

[20,40) 0.2

[20,40) 03

o050 ” [20,50) 05 40,50) 02

[50,60) 02
05

60,80) 03 150,80

60,80) 03

P(BIA) =
° P1BIA) e PaBIA) e W*P4(BIA) + (1-w)*Po(BIA)

BN 1 BN 2 BN joined

Fig. 13 Numerical Interval Mismatch: A, has states corresponding to valid intervals
obtained from taking the Cartesian product of the differing node A state sets in BN 1 and
BN 2. The Acp parameters are based on BN 1’s node A parameters, which are re-distributed
based on interval length overlap. Node A is marginalized out from BN 1 and BN 2, so the
joined Bayesian network, BN-joined, contains only Acp and B.

Table 17 Conditional probability of P;(Acp|A) and Pa(Acp|A) of numerical mismatch
example in Figure 13.

Acp A (from Py) | A (from P2) | Pi(Acp|A) or Pa(Acp|A)
20,40) 20,40) 20,50) 1
10,50) 10,60) 20,50) 1
50,60) 40,60) 50,80) 1
60,80) 60,80) 50,30) i

Similarly, the Numeric Interval Mismatch for the Age attribute between
census and TES as given in the “2014 Toronto Mayoral Election” use case
can be resolved according to the previous procedure.

Arbitrary Category Mismatch For this type of mismatch, the Cartesian
product contains all possible state pairs from the two original state sets,
unless further information is provided for mappings between state sets. If there
exists such a mapping, then we can perform direct mapping. For example,
in Table 11, we can assume that the TES Bike Lane responses “Moderately
Against” and “Strongly Against” map to the VC response “Against”. Addi-
tionally, “Strongly For” and “Moderately For” maps to “For”. Thus, when
joining these two datasets, we can simply map the representations in both
datasets to {“For”,“Neutral”,“Against” }.

Figure 14 provides an example for performing the join with Arbitrary Cat-
egory mismatch in the absence of a mapping criteria. In the Ref model, BN 1,
node A has three possible states: {41, A2, A3} while in BN 2, it has two possi-
ble states: {A], A5}. The state set for A, is computed by taking the Cartesian
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A P(A)
P1(A
* w A P (A1, AY] 015
[20,40) 03 [A1,A%] 0.15
20,50) 05 Ao, Al 02
40,60) 04 o R o2
[60.,80) 03 150,80) 05 [Ag, AY] 0.15
[Ag, A2l 0.15
° " ’ e °
+ =
Po(BIA P(BIA) =
° P1(BIA) e 2(BIA) e WP{(BIA) + (1-w)Po(BIA)
BN 1 BN 2 BN joined

Fig. 14 Arbitrary categories mismatch

Table 18 Conditional probability of Pi(Acp|A) and Pa(Acp|A) for arbitrary categorical
mismatch example in Figure 14

Acp A (from P1) | A (from P>) | Pi(Acp|A) or Pa(AcplA)
Ay, Al A Al 1
Az, A] Ao Al 1
Az, A} As Al 1
Ay, Al Ay Al 1
Ay, A e A T
Az, A As Al 1

product:

{A17A27A3}X{A/17 /2} = {[A17A/1]7 [AQ, All]’ [A37A/1]7 [Ah AIQ]v [A27A,2]7 [A?n AIZ]}

Without further knowledge, we can not eliminate any of the new states. The
prior probability parameters of node A from the Ref model are then redis-
tributed uniformly to each corresponding new state. Next, we derive the CPDs
Py (AcplA) and Py(Acp|A) as shown in Table 18. We can then perform the
marginalization and join as described in subsubsection 5.4.4.

Spatial Representation Mismatch This mismatch occurs commonly in
datasets involving locations on Earth’s surface expressed as points or poly-
gons. Points are defined by a single x, y coordinate and can represent sampling
locations. While polygons consist of 3 or more vertices that are connected and
closed and can represent geographic regions. We define two types of Spatial
Representation Mismatch as Region-region Mismatch and Region-point Mis-
match. The former refers to when one has two overlapping polygon sets that
do not cleanly map into each other such as city neighbourhoods and city cen-
sus tracts. While the latter refers to scenarios where one has a set of point
coordinates that can be mapped to a set of polygons.
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Fig. 15 Spatial mismatch
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Fig. 16 Spatial cross product to resolve region region mismatch that derives 4 new regions
that each map to regions in the original two region sets

Using the simplified example provided in Table 12, we seek to explore
the relationship between West Nile virus and median income. Figure 1
demonstrated the Region-region Mismatch between three Voronoi cells con-
structed from the Chicago West Nile mosquito trap locations and two Chicago
community area boundaries.

We proceed to build models BN 1 for the WNV dataset and BN 2 for
the median income dataset as shown in Figure 15. Let A represent Region, B
represent WNYV test results, and C represent median income. Thus, the parent
node A has possible values: {A1, A2, A3} in BN 1 and {4}, A5} in BN 2. We
take the Cartesian product of the two region sets to compute Ay, as shown
in Figure 16 to obtain a mutually exclusive and collectively exhaustive region
set. This new region set covers the intersection of the two original region sets
and eliminates states with non-overlapping regions such as [A;, Ay).

In the next step of calculating the new prior distribution Ay, the dis-
tribution of A from the Ref model, BN 1, is used as the correct sampling
distribution. Since [A1, A]] and [As, A,] are identical to the regions A; and As,
then P(A., = [A1, A}]) = Pi(A = A;) and P(A, = [43, A)]) = Pi(A = A3).
Next, the probability P; (A = A;) = 0.4 is uniformly distributed according to
the area overlap of A; with new regions [As, A;] and [As, Ay]. Since A; can be
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mapped exhaustively to just these two new regions and the areas of overlap
are equal, P([Az, A}]) = P([A2, 43]) = 3 P1(A = A2) = 0.2.

Then, the conditional probability of P;(A.p|A) and Py(Acp|A) can be
derived as shown in Table 19, with entries not shown having probability 0.
Although P»(A) is discarded, it should be noted that P»(A) having identi-

Table 19 Conditional probability of Pi(Acp|A) and Pa(Acp|A) of spatial mismatch

example in Figure 15

Acp A (from P1) | A (from Py) | Pi(AcplA) or Pa(Acp|A)
[A1, All] A All 1
[A2, A;] As A; 1
[As, A} As Al 1
[A43,A]] As A, 1

cal values for its two Regions is not because of the equal area of A} and A,
but rather because there are an equal number of observations (just 1) for each
community area regarding median income.

We then can perform the marginalization subsubsection 5.4.4 and the join
as shown in subsubsection 5.4.1 .

The same underlying technique also applies to Region-point mismatch
where the spatial node in the Ref model has regions in its state set, and the
spatial node in the Sec model has points in its state set. In this case, the Carte-
sian product of the region set and the point set is simply the region set since
points map cleanly into regions. However, mismatch that can not be handled
is if the Ref model’s spatial node state set used points and the Sec model
used regions since there is no way for regions to be mapped to points.

5.4.5 Performing a query after mismatch handling

After handling mismatches, we can still perform queries when evidence is given
as a original state. This requires a rewriting of the original query into multiple
queries involving the Cartesian product state set, and aggregating the results.
For example in Figure 13, if one wanted to find the bike lance stance of
citizens in both TES and VC, aged 40 to 60 then one can perform the corre-
sponding query P(B|A = [40,60)) on the joined Bayesian network, BN-joined.
To perform the query, first rewrite the original query as follows:
P(B|A = [40,60)) = (2)
P(B|Acp = [40,50)) - P(Acp = [40,50)) + P(B|Acp = [50,60)) - P(Acp = [50,60))
p(Acp = [40,50)) + p(Acp = [50, 60))
Next, perform the four queries: P(B|A., = [40,50)), P(B|As = [50,60)),
P(A.p = [40,50)) P(A.p = [50,60)) and compute the query result according
to Equation 2.
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6 Experimental Results

In this section, we use the six datasets described in subsection 3.1 and use
cases (1)-(3) from subsection 3.2 as the basis for our experiments, none of
which could be addressed by [27] alone. Use case (4) is not explored further
since [27] has already experimented with a similar use case using the Bayesian
network motif described in subsubsection 5.4.1.

Our aim is to compute a conditional probability query as specified in each
use case (1)—(3) described below (nb. all probabilities are indicated in per-
centage % form to assist interpretation) based on two or more heterogeneous
data sources. For purposes of comparison, we provide the same probabilities
calculated via different (baseline) methods: (a) a single dataset (which does
not require ppandas), (b) a Naive concatenation merge of two datasets when
they share the same variables (which naively ignores any statistical mismatch
in the datasets), (¢) ppandas using two or more datasets (where the datasets
are shown with a + separating them), and (d) the actual reference outcome,
which is only available for the Toronto Mayoral Election in use case (1). We
remark that not all of (a)-(d) are possible in each use case and hence only rel-
evant baselines and reference values are provided when available. Our overall
aim in each use case is to discuss the implications of observed differences in
the calculations arising from methods (a)-(d).

A toolkit for the automatic application of Bayesian network motifs for
unlinked data as described in section 5 is provided in the open source ppandas
Python package?. Furthermore, all of the experimental analysis in this section
is provided in reproducible Jupyter notebooks in an experiments subfolder of
the ppandas repository>.

6.1 Experiment (1): 2014 Toronto Mayoral Election

This experiment leverages the Toronto Election Study (TES) and the 2011
Toronto Census. As illustrated in Figure 17, the model demonstrates the rela-
tionship between two common demographic variables and the voting outcome
variable:

e Age group (A)
e City ward (W)
® Voting outcome (V)

Since the city’s census provides a much more accurate representation of the
voting population’s demographics, it is used as the Ref distribution for the
parent nodes A and W. Therefore, the framework reads in the census popula-
tion counts for each age group and city ward to learn empirical distributions
for A and W using the concepts described in subsubsection 5.4.3. It also uses
the concepts described in subsubsection 5.4.4 to handle the numeric interval

2https://github.com/D3Mlab/ppandas
Shttps://github.com/D3Mlab/ppandas/tree/master/experiments
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Pcensus(Acp) Pcensus(W)

Pres(V 1 Agp,W)

Fig. 17 Experiment (1) model using ppandas to merge TES and census data

mismatch with A., denoting the Age variable having states derived from tak-
ing the Cartesian product between the two different age bin sets employed in
the datasets.

Table 20 compares TES’s voting distribution without using census data or
a Bayesian network versus using ppandas to combine TES and the census then
querying P(V). Results for TES (raw data) and ppandas using TES+Census
are provided in the format “mean percentage (standard deviation)”, where the
mean and standard deviation are taken w.r.t. five leave-one-out bootstrapped
samples of 80% of the data in each respective dataset. We also provide the
Actual Outcome of the election results [37] for comparison:

Table 20 Experiment (1): Comparing Voting Outcome Distributions (%)

Candidate ppandas Actual TES ppandas
TES TES+Census | Outcome | Error Error
John Tory | 48.79 (0.75)  43.12 (1.10) 40.28 851 2.84
Doug Ford 26.46 (0.55) 28.88 (0.31) 33.73 7.27 4.85
Olivia Chow | 22.67 (1.03)  24.46 (0.93) 23.15 0.48 1.31
Other 2.07 (0.22) 3.53 (0.39) 2.84 0.77 0.69

It is evident that much more accurate voting outcome predictions are
achieved for the two most popular candidates and that using ppandas nearly
matches TES’s distribution for the third most popular candidate. The small
standard deviations show high stability of these results across all replicates of
the experimental analysis.

6.2 Experiment (2): Toronto Bike Lanes

This experiment utilizes the two concurrent surveys TES and VC as well as
the 2011 Toronto census. The model given in Figure 18 demonstrates the rela-
tionship between 4 common demographic attributes and the bike lane stance
attribute:

Age group (A)
City ward (W)
Employment status (E)
Birthplace (B)
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¢ Bike lane stance (L)

census(Acp) l:)census W) l:’TES E) F’TES(B)

Pres+ve(l | Agp,W,.E,B)

Fig. 18 Experiment (2) model using ppandas to merge TES, VC, and census data

First, the CPD Prgsivc(L|A, W, E, B) was learned from the weighted
ratio concept described in subsubsection 5.4.2 that merges TES and VC. Then
as in the previous example, numeric interval mismatch for the Age variable
was handled when merging census data with TES and VC, at which point A
was marginalized out, leaving A., to remain.

Thus the census’ marginal distributions for A and W were used once again
but since the census does not contain the demographic attributes E and B,
the TES is used as the Ref distribution for these other two attributes.

Table 21 below compares the various results from TES alone, VC alone, and
naively stacking TES and VC without a Bayesian network model or the Census.
It also shows the results of using ppandas to merge TES and VC without the
census (Prgs(A) and Prgs(W) are used instead) and using ppandas to merge
all three data sources to answer the query P(L). All results are provided in the
format “mean percentage (standard deviation)”, where the mean and standard
deviation are taken w.r.t. five leave-one-out bootstrapped samples of 80% of
the data in each respective dataset. There is no actual outcome/ground truth
available since, unlike the previous experiment which had the actual election
outcome, there was no public vote on bike lanes.

Table 21 Experiment (2): Comparing Bike Lane Stance Distributions (%)

Bike Lane Naive ppandas ppandas
Stance TES vC TES+VC TES+VC TES+VC
+Census

For 27.05 (0.38)  79.45 (0.17)  75.27 (0.13) 58.85 (0.23)  51.07 (0.43)
Against 53.73 (0.27) 6.28 (0.06) 10.07 (0.04) 18.96 (0.22)  23.10 (0.32)
Not Sure 19.22 (0.41) 14.27 (0.12)  14.67 (0.10) 22.19 (0.14)  25.83 (0.19)

Clearly, there is a stark difference between TES and VC alone, with over
half of TES respondents being against bikes lanes while nearly 80% of VC
respondents support them. Merging TES and VC by naively stacking them
causes VCs to dominate due to VC containing 10X more samples, and thus the
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distribution of variable L is much more similar to VC alone than TES alone.
However, when using ppandas, the distribution of L differs with the support
for Bike Lanes dropping to less than 60%. The small standard deviations show
high stability of these results across all replicates of the experimental analysis.

6.3 Experiment (3): Chicago West Nile

This experiment utilizes the Chicago West Nile Virus Surveillance dataset,
Chicago’s Community Data Snapshots, as well as the shapefile containing
Chicago’s community area boundaries. The final model presented in Figure 19
shows the three independent attributes and the two dependent attributes:

Month (M)

Number of mosquitoes in trap (N)
Region (R)

West Nile virus present (V)
Median income quintile (I)

Psurveillance(M) Psurveillance(N F’Surveillance(l:‘cp)

Psurveillance(V | M!N!ch) F’Snapshot(I I ch
Fig. 19 Experiment (3): West Nile Model

M, N, V are exclusive to the Surveillance dataset and I is provided only
in the Snapshots dataset. Thus, the single variable the two datasets share is
R. While one could perform a join that handles Region-point mismatch by
mapping mosquito point coordinates to community areas, this is unfavourable
for two reasons. One, the Ref distribution for R would have to be the Snap-
shots marginal distribution, which has equal values for all entries since there
is only a single median income observation for each community area. Second,
it assumes that mosquitoes from each trap stay strictly within a community
area.

Instead, an alternative approach is to construct a Voronoi diagram from
the mosquito trap locations and obtain another region set composed of the
Voronoi cells. With two sets of regions, as shown in Figure 20 and Figure 21, a
join that handles Region-region spatial mismatch can be performed using the
concepts described in subsubsection 5.4.4. Thus, the Cartesian product of the
two region sets yields R., as shown in Figure 22 and the distribution for node
R, is based on the distribution in the Ref model, WNV Surveillance. Finally,
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Figure 23 shows how a specific community area is divided into regions within
the Cartesian product.

Fig. 20 Experiment (3): Voronoi diagram containing 139 Voronoi cells derived from Chicago
mosquito traps

90000

‘ 80000
: 70000

f 60000

50000

40000

30000

20000

Fig. 21 Experiment (3): Median income for Chicago’s 77 Community Areas

Table 22 below provides the results of the query: P(W|I) which is the
probability a mosquito will test positive for West Nile for each of the commu-
nity area quintiles as determined by median income.The highest probability



Springer Nature 2021 BTEX template

Bayesian Network Motifs for Reasoning over Heterogeneous Unlinked Datasets

Fig. 22 Experiment (3): Spatial cross product of Chicago community areas and Voronoi
diagram cells containing 453 regions

41.736

41.734

41.732

41.730

41.728

41.726

41.724

41.722

Chicago Community Area 48 - Calumet Heights Calumet Heights Overlapping With 5 Voronoi Cells
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-87.59 -87.58 -87.57 -87.56 -87.55

Fig. 23 Experiment (3): The community area, Calumet Heights, is split based on its overlap
with 5 Voronoi cells

of testing positive for West Nile came from the community areas in the lowest
median income quintile. Additionally, the two highest median income quintiles
had higher probabilities than the second and third quintiles.

Table 22 Experiment (3): Median Income and West Nile Virus Positive Tests (%)

Community Area

Median Income Quintile

West Nile Virus
P(Test Positive)

0 to 0.2
0.2 to 0.4
0.4 to 0.6
0.6 to 0.8

0.8to1

29.12%
16.60%
16.71%
20.92%
24.28%
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We remark that we did not perform held-out bootstrap analysis for this
final use case as in the previous use cases since our current methodology for
resolving spatial boundary mismatch does not accommodate missing spatial
data that would arise from holding out a percentage of the Census tracts.
Hence we only report the results in Table 22 on the full datasets.

7 Discussion

We assessed the proposed framework by carrying out three experiments that
involved reasoning jointly over multiple real-world datasets. In doing so, we
sought to answer these questions:

1. When the actual ground truth is available, does applying the framework to
correct sampling bias provide more accurate inference than reasoning over
a single dataset?

2. Do the framework’s inference results differ from naively stacking multiple
datasets?

3. Do the framework’s inference results corroborate domain-specific literature
results?

For (1), the 2014 Toronto Mayoral Election use case results in Table 20
show that ppandas effectively corrected TES’s sampling bias for the indepen-
dent attributes Age and City Ward. Whereby using the census’s marginal
distributions for the two demographic attributes, ppandas provides better vot-
ing outcome predictions than using TES alone. Intuitively, this result is due to
TES being an unrepresentative sample across ten age groups and 44 wards. It
has unequal probabilities of inclusion, which favour those who are in younger
age groups and live in downtown city wards. Therefore, we use the census to
re-weigh under-represented groups in the TES population.

One may question why additional available demographic distributions are
not used in the model, such as birthplace and employment status. These
are omitted from the Experiment 1 model because the census does not pro-
vide marginal distributions for these two attributes. Instead, these two other
demographic attributes were collected in the 2011 National Household Sur-
vey (NHS). The NHS is a voluntary survey unlike the mandatory census, and
thus suffers from non-response bias and is generally regarded as less reliable
than the census. Additionally, introducing additional independent attributes
would cause data sparsity since only 3,000 TES samples would be available to
learn a CPD that contains 31,680 states (10 age groups x 44 city wards x 6
employment statuses x 3 birthplaces x 4 candidates).

It is also important to note that the VC candidate preferences were not
included in Experiment 1. The reason being that after participants provided
their candidate preference, the online tool informed participants which can-
didate best aligned with their beliefs. This additional information may have
swayed participants’ candidate of choice.
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For (2), the motivation to merge TES and VC, as discussed in the Toronto
Bike Lanes use case, was due to TES’s relatively small sample size, N=3000. As
noted previously, one cannot accurately learn the CPD P(L|A, W, E, B), which
contains 31,680 unique states with a sample of this small scale. Therefore,
to compensate for TES’s under-coverage, VC’s larger sample size (N=33,000)
allows one to learn this CPD more reliably. We also assume that the risk of
double counting is insignificant since the size of Toronto’s voting population is
so large that the chance of a citizen completing both the TES and VC is low.

Since there is no ground truth available (bike lanes are not voted on by
the public but by the city council), we cannot strictly prove in this case that
ppandas provides more accurate inference than naively stacking datasets. We
can, however, claim that using ppandas provides an alternative Bike Lance
Stance distribution derived from a model that contains the weighted merge of
TES and VC’s CPD P(L|A,W, E, B) and uses the census and TES marginal
distributions for each demographic attribute which is believed to be less biased
than VC’s marginal distributions.

For (3), the Chicago West Nile use case results reflect prior epidemiol-
ogy research [38], which indicates there is a relationship between low income
areas and West Nile virus due to various factors such as poor home main-
tenance, antiquated water runoff systems, and less political engagement to
request spraying efforts. Additionally, Chicago’s high income census tracts with
a white, older population have been shown to have high West Nile case rates
[39], potentially due to unoccupied homes with neglected swimming pools [40].

Since the West Nile virus data source used in the experiment was drawn
from a Kaggle competition, it is worth discussing why this model was not
entered in that contest. It is important to recognize that ppandas is not
intended for predictive analytics as it does not use extensive feature engineer-
ing or seek to minimize prediction error. Instead, it is designed to study causal
inference and perform probabilistic queries. Thus it would be inappropriate
to direct mosquito spraying action based on ppandas inference. We also felt
that utilizing additional datasets not included in Kaggle such as the Chicago
Community Snapshots provided us with an unfair advantage. Instead, we go
beyond the scope of the Kaggle competition and claim ppandas allows one to
study the relationship between median income and West Nile virus test results
by handling the spatial mismatch in the Surveillance and Snapshot datasets.

It is additionally worth noting that if every community area did not con-
tain a trap, then constructing a Voronoi diagram would be able to provide
an estimate for every community area. Fortunately, every community area
does contain a trap but the opportunity to provide more accurate results still
remains. We also could have padded missing records when no mosquitoes were
found, but did not do so since traps could move around and were not tested
every week. Overall, the model demonstrates how median income impacts the
probability of a trap testing positive for West Nile.
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8 Conclusion

In summary, we provide a systematic framework that allows one to perform
probabilistic inference over multiple heterogeneous unlinked datasets without
having to join datasets together or impute missing attribute values explicitly.
We have shown how each individual dataset can be represented as a Bayesian
network, but that attempts to naively merge these models into a joint Bayesian
network often yield a variety of data mismatches that, if ignored, yield a high
risk of obtaining incorrect inferences. To address these issues, we provide a
series of Bayesian network motifs to handle common mismatch types that
allow one to construct a single unified Bayesian network representative of the
global sampling population. This framework’s methodology is built into an
open source Python package, ppandas, that allows end users working with
multiple heterogeneous unlinked datasets to answer probabilistic queries over
all datasets as we demonstrated empirically in a range of real-world use cases.
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Appendix A Supplemental Material
A.1 Formal Proof

In this section, we provide a mathematical proof for the weighted average
approach in subsubsection 5.4.1.

Problem Setup: Given two datasets D;(A, B), D3(A4, B), with number
of samples N7 and Ny. Two Bayesian Networks with same schema ( A — B
) were created from these two tables, denoted as BNy and BNj respectively.
However, Dy (A, B) and Dy(A, B) are drawn from different distribution and
the marginals over A are different. Our goal is to learn the parameter of the
joined global Bayesian Network BNjineq With the same schema (A— B),
where BNjyineq are drawn from the same population as Dataset 1. How can we
learn the parameter of BNjoineq, denoted as r(A),r(B|A), given BNi, BN,
and number of samples Ny, No?

In this section, we use p(A),p(B|A),q(A) and q(B|A) represents the true
distribution of the Bayesian Networks and use p(A),p(B|A), §(A) and §(B|A)
to denote the parameters learned with Maximum Likelihood from the D,
and Ds. Since the only data available for p(A), ¢(A) is from Dy, D5, respec-
tively. We can claim that p(A), G(A) can be used as approximation for the true
distribution p(A) and g(A).

Solution: The conditional probability distributions(CPDs) in BN; and
BN, can be estimated by the empirical counts in D;(A4, B) and Ds(A, B).
Suppose we learned CPDs as shown below:

* BN; : p(A),4(B|A)
* BN : 4(A),4(B|A)

Then, BNjined can be learned using distributions as following:

o A:j(A)

* A— B:p(BJA),q4(BlA)

The prior distribution of r(A) can be estimated as p(A) because the joined
Bayesian Network were drawn from same population as D;. The conditional

distribution r(B|A) can be estimated using a weighted average of p(B|A) and
G(B|A) with formula:

N1 -p(BJA) + N2 - §(BJA)

N1+ No
=w-p(Bl4) + (1 —w) - 4(B[A) (A1)
R A

r(B|A) =

To justify Equation A1, we utilize importance sampling.

Importance Sampling Justification: We wish to learn the maximum
likelihood parameter 6 for the final Bayesian Network BNjined (A — B)
given N; data samples (a;,b;) ~ p(A,B) and N, data samples (a;,b;) ~
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g(A, B). Since BN; was sampled from the same distribution as BNjgined,
r(A) = p(A) = p(A). Besides, because the sampling bias is limited to the
marginal distribution, we can assume r(B|A) = p(B|A) = q(B|A).

Suppose we had K samples (ag,b;) drawn from r, then we can learn the
parameters with maximum likelihood:

K
argmaxL(t9 D)fargmaXH (ag, by : 0)
k=1
= argmax log | r(ag, by : 0 A2
ge l:;g((kk ))} (A2)
K
= argmax [ Z log (r(ak, by, 9))]

We can view the final expression in Equation A2 as a Monte Carlo estimate
of the following equation:

= il (aub 0)>Er(a7b)|:10g7"(a,b:9):|

k=1

Next, we can apply importance sampling correction to estimate r with
(@i, b;) ~ p(a,b) and (a;,b;) ~ g(a,b) by re-weighting these samples:

Er(mb){logr(a b 9)} ab)[TEZ: Z; logr(a,bze)}
Er(ab){logr(a b: 9)} Eyan) [TEZ?); log(a,b : 9)}

We can then further combine these two expectations as a weighted average to
estimate E,.(q). Since every record in the two tables is treated equally, the
weight factor is assigned as A\ = A2

N1+N27 = N1+N2'
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r(a,b)
(a,b

)
B r(a,
2 Fq(a,b) q(a,b

1

Er(ap) [1og r(a,b: 0)] =M1 Epap) { logr(a,b : 9)]

; log r(a, b : 9)}

N1 1 r(ai7bi) ( )
= log | r(a;, b; : 6
Ni+No Ny “— plai, bi) e\l )

N2
Ny 1 r(ai, b;) ( )
e log ( r(aj,b; : 0
Ni+ No N j;Q(aubi) B \r(abi+9)
Ny
1 r(bila;)r(a;) ( )
= log | r(a;,b; : 0
Ny + N, ; p(bilai)p(as) 8 \r(ai.bi:0)
No

1 r(bjla;)r(a;) o (o b
W 2 b)) g( (a5, b -9>)

Since r(B|A) = p(B|A) = ¢(B|A) and r(A) = p(A), we know that
r(bilai) = p(bili), r(bjla;) = q(bjla;) ;and r(a;) = p(a;). Plugging them back
into the equation, we get:

N>

_ 1 o 1 r(a;) B
IRIRED ;bg (r(a“b ' 9)> TN ]Zz:l q(aj') e <T(aj’bj ‘ 0)>
1 N r(a;)
_ ) 1 N r(aj) . .
- NN N2 Zlog ( 7(bila; : )) t NN ; 2(ay) log <r(aj : 0)r(bjla; : 9))
1 ok r(aj) .
. ) a0
(7.1)
1 o 1 N r(ay)
TN Zlog( (bilai : )) TN, 2 Z (aj) log (r(bj|aj : 0)>
(7:2)

The likelihood decomposes into two separate terms: (7.1) and (7.2).
Equation (7.1) is associated with only r(a) and (7.2) with only r(b|a). There-
fore, (7.1) can be used for estimating r(a) and (7.2) can be used for estimating
r(bla). Because these terms involve disjoint parameters, they can be optimized
separately.
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To compute r(B|A), we perform maximization over term (7.2):

1 & 1 & r(a))
_ s j s
N1+ N2 ;k)g <r(bl|al ' 9)) A 32:21 a(a;) (T(bﬂ% ' 9)>

Without loss of generality, we assume that B and A are two Bernoulli
random variables. Let 6p|q,(0p|q4,) denote the probability of b; = 1 given that
a; = 0(a; = 1). Therefore, Equation A.1 can be decomposed as following:

1 , 1 r(a;) :
N+ Ny Z log (T(bi\ai» 9)) + mj Z log (T(bj‘ajﬁ 9))

il{ai=0} a0y 9009
(7.3)
1 1 r(aj)
0 >, log (T(bi\ai; 9)) + S log (T(bj\aj; 9))
N N- N N ;
BTttt 1+ N2 2y a(e)
(7.4)

Now, we focus on maximize the term (7.3) to find the optimal value for
0B|a,- The maximization on term(7.4) is identical and independent.

1 1 r(a;) ( )
_ 1 bilai; 0) ) + ——r 1 bjlaj; 0
Nl —|—N2 ' Z_ og (T( ’L|a17 )) + Nl —|—N2 /' Z_ q(a_j) og T( J|aja )
i[{a;=0} Jl{a;=0}
1 1
= > og(0Ba,) + > log(1-0p,)
N+ N2 i|{b;j=1,a;=0} Ny 4 N2 i[{b;=0,a;=0}
1 r(a;) 1 r(aj;)
+ < log(0Bay) + v~ ~ log(1 — 0pjq,)
NNz 5, S oy 900 Nt Nz, 20, =0y 140)

Letting #[-] denote the count of data i meeting the specified criteria of its
argument -, then:

1
NN, (#[bi =1,a; = 0]1og(0p|q,) + #[bi = 0,a; = 0]log(1 — Op|4,)

r(a=0

by =1oa; = 01— O; 10g(0)q,) + #[bj = 0,a; = 0] ria=0)

q(a — 0) lOg(l - 93|ag)>

_ o o e o *r(a:O)
_m . |:(#[b1, - 1,@1 —O] +#[bj = 170’] —0] q(a:O) >10g(93|a0)

+(#[bi =0,a; =0] + #[b; =0,a; = 0] * ZEZ z gg) log(1 — 93|a0):|

(A3)
To maximize Equation A3, we can take derivative w.r.t. 0p|,, and set the
value to 0. Since r(ag) = p(ao) = plao), q(ao) = ¢(ap), we get:
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1 #[bi =1,a; = 0] + #[b; = 1,a; = 0] - 2=

_ _ 2(a=0)

N1+ N 050y

p(a=0
 #lbi=0.a; = 0] + #[b; =0.a; = 0] pe=t)
1 _‘93\&0

= GB\O.O
- #lbi = 1,a; = 0] + #[b; =1,0; = 0] - 2=

#lbs = 1,a; = 0] + #[b; = 1,a; = 0] - 2E=0 + #[b; = 0,a; = 0] + #[b; = 0,a; = 0] - Z2=Q)

_ #lbi =100 = 0]+ #b; =1,0; = 0] HE=G

#la; = 0] + #[a; = 0] - BLA=2

— — _ _ #[a;=0] N.
1/#[a; = 0] #bs = 1,a; = 0] + #[b; = 1,a; = 0] - == - #[a,f:m
a ;=0] ;=0 N
1/#la: =0 #lai = 0]+ #lay = 0] - Fy= . oy
_ ﬁ(bizl‘ai20)+q(b]‘:1‘0,]-:0).% A
1+% Ny
Ny Ny
= -p(b; = 1la; =0 2 . 4(b; =1la: =0
Ny g, Pl = e =0+ wmm (s = Hag =0)
(b = L = 0) + (1 — w) - 46 = lay = 0); w= —
=|w- i = lla; = —w) - j=1la; =0); w=
’ a0 ’ Ny + N2

Therefore, the maximum likelihood parameters for edge A — B can be
learned as a weighted average of the empirical conditional probabilities of data
samples from the two tables.
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